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ABSTRACT 

Let  X be  a real  or  complex  Banach  space.  We  study  the  Volterra 
equation 

t 

(v)  u(t)  + J a(t  - s)Au(s)ds  = f (t>  (0  < t < T,  T > 0)  , 

0 

where  a is  a given  kernel,  A is  a bounded  or  unbounded  linear  operator 
from  X to  X,  and  f is  a given  function  with  values  in  X (of  particular 
importance  is  the  case  f = uQ  + a * g,  uQ  « X,  g e L 1 (0 , T;X> , * denotes 
the  convolution).  We  establish  sufficient  conditions  involving  a,  A,  f 
which  insure  that  solutions  of  (v)  are  positive  by  using  certain  representation 
formulas  for  solutions  of  (v).  We  also  discuss  the  positivity  of  solutions 
of  (vi  when  A is  a nonlinear  (m-accretive)  operator  and  we  discuss  several 
examples  when  A is  a partial  differential  operator. 
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abstract  unear  and  nonlinear  volterra  equations 


t 


preserving  positivity 

Ph.  Clement*’  * and  J.  A.  Nohel*’^’^ 

*N 

1.  Introduction  and  Principal  Results. 

Let  X be  a real  or  complex  Banach  space.  We  study  the  linear  Volterra  equation 

4 

(1.1)  u(t)  + a * Au(t)  f(t)  (0  < t < T;  T > 0) 

t 

where  a * Au(t)  - f a(t  - s)Au(s)ds,  a is  a given  real  kernel,  A is  a bounded  or  unbounded 
0 

linear  operator  from  X to  X and  f is  a given  function  with  values  in  X. 

An  Important  and  perhaps  the  most  useful  special  case  of  (1.1)  for  certain  applications 
is  the  linear  equation 

(1 . la)  u(t)  + a * Au(t)  - uy  * a * g(t)  (0  < t < T;  T >0) 

where  uQ  « X and  the  given  function  g t L*(0,T;X).  We  will  establish  conditions  on  the 
kernel  a and  the  operator  A which  Insure  that  the  respective  solutions  operators  for  (1.1) 
and  (1.  la)  preserve  a convex  cone  in  X (see  Theorems  3 and  4).  We  then  consider  in 
Section  3 a nonlinear  problem  of  the  form  (1.  1)  in  which  A is  a m-accretive  operator. 

Finally,  in  Section  4 we  discuss  three  examples  to  illustrate  the  theory.  Example  3 was 
proposed  to  us  by  Professor  L.  A.  Peletler.  We  are  grateful  to  Professor  M.  G.  Crandall  for 
discussing  Example  3 with  us. 

We  will  suppose  throughout  that  the  following  assumptions  are  satisfied. 

(H  ) A : D(A)  C X - X and  -A  generates  a linear  continuous  contraction  semi-group  on  X, 

- uiA 

which  we  shall  denote  by  e (w  > 0). 

(H  > a « l\o,T;1R) 

(H3)  f.  lSo.TiX) 
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Definition  1.  We  say  that  u : [ 0,  T]  -*  X Isa  strong  solution  of  (1.1)  If  u i l\o  , T;X) , 

u(t)  » D(A)  a.e.  on  [ 0,T]  , Au  « l'iO.T-.X),  and  u satisfies  (1.  1)  a.e.  on  [ 0,T]  . 

We  denote  the  norm  In  X by  ||*  II . If  B Is  a linear  unbounded  operator  on  X,  we 

use  the  notation  X_  D(B);  If  u t X_,  Its  graph  norm  Is  denoted  by  ||u  |L  ||u  ||  4 || Bu  II . 

B B X0 

Of  particular  interest  are  the  spaces  X^  and  X ^ where  A satis. les  (H  ^ . Recall  that 

A 

the  space  X^  Is  dense  In  X and  X 2 is  dense  In  X^;  see  [15,  Theorem  2.9,  pg.  8). 

A 1 

If  u Is  a strong  solution  of  (1.1),  Definition  1 states  that  u c L (O.T;X.). 

’ A 

To  discuss  solutions  of  (1.1)  and  (1.  la)  we  make  use  of  the  operators  R and  S defined 
respectively  by  the  equations 


(R) 

u(t)  + 

a * Au(t)  = a(t)x 

(X  € 

XA:  0 < t < T) 

(S) 

u(t)  + 

a * Au(t)  = x 

(X  « 

XA:  0 < t < T) 

It  follows  that  under  the  assumptions  of  Theorem  1 below,  equations  (R)  and  (S)  each  have 
a unique  strong  solution  which  we  write  respectively  as  R(t)x  and  S(t)x.  While  the 
operators  R and  S are  so  defined  for  x « X^,  Theorem  1 together  with  a density  argument 
shows  that  R and  S can  be  extended  uniquely  as  bounded  operators  in  L*(0,T;X)  and 
C(0 , T;X)  respectively. 

Our  main  result  for  the  linear  case  Is 
Theorem  1.  Let  (H ^ ).  (H^)  be  satisfied. 

(1)  Let  the  kernel  a satisfy  the  following  condition 

r i 

Tor  every  V > 0,  the  unique  solution  r(t,X)  < L (0, T;1R)  of  the  scalar  equation 
(resolvent  equation) 

<>V  { 


r(t)  + Xa  * r(t)  = a(t)  (0  < t < T' 

^satisfies  r(t,X)  >0  a.e.  on  [0,T]. 

Then  for  every  x € X^,  the  equation  (R)  has  a unique  strong  solution  which  we  denote  by 
R(t)x,  0<t<T.  Moreover,  for  almost  every  t<[0,T],  there  exists  a positive  measure 
K on  1R4,  depending  only  on  the  kernel  a,  such  that 
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R(t)x  = / e'^xd^M 
0 


(1.  2) 


t c [ 0,T]  a . e. 


a(t)  = f dp  (u>) 
0 1 


and  the  following  estimates  are  satisfied: 


(1.3) 


Rxl 


,1, 


< II  a I 


where  Y X or  or  X ^ 

A 


L [ 0,  T;Y] 
and 


LX[  0,  T;1R] 


(1.4) 


II R * v ||  < II a II  ■ llvll  (1  < P < -) 

LP[  0,  T;Y]  i/KTjlR]  LP[0,T;Y] 


(H 


(il)  Let  the  kernel  a satisfy  the  assumptions  (H^)  and: 

f for  every.  \>0,  the  unique  solution  s(t,V)  (absolutely  continuous  on  [0,T]) 

of  the  scalar  equation 
s (t)  + Va  * s (t)  = 1 (0  < t < T) 

satisfies  s(t,X)>0,  0.<t<T. 

Then  for  every  x « Xft  the  equation  (Si  has  a unique  strong  solution  which  we  denote 
by  S(t)x,  0 < t < T.  Moreover,  for  every  t i [ 0 , Tj , there  exists  a probability  measure 
v on  F+  depending  only  on  the  kernel  o , such  that 


(1.5) 


S(t)x  = J e ^xdi'^u)  (t  t [ 0,T] ) , 


and  the  following  estimates  hold: 


(1.6) 

(1.7) 


HS(t)x||y<  ||  X ||  y 


fls  * v| 


C[0,T:y]  ~ V " Ll(  0 , T; Y ) 


where  Y = X or  X.  or  X 

A . n 

A . » 

Remark  1.1.  If  aM,  then  R(t)  = S(t)  = e'  and  pt  = = the  Dirac  measure  at  t. 

Assumptions  (H4>  and  (H &)  require  some  clarification. 

Proposition  1.  (1)  Let  (H ^)  be  satisfied  and  let  ac  C(0,T)  and  a(t)  > 0.  If  log  aft)  is 
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convex  on  (0,T)  then  (H  ) is  satisfied  on  [ 0 , T]  . 

(il)  Let  (H^)  be  satisfied  and  let  a(t)  be  nonnegatlve  and  nonincrcasing  on  (0,T). 

Then  (H  ) is  satisfied  on  [ 0 , T]  . 

While  the  content  of  Proposition  1 is  implicitly  contained  in  the  literature  (see  [7]  , [8]  , [ 12] 
and  [ 14] ),  we  give  the  proof  in  Appendix  1.  In  the  literature  the  results  are  for  t on  the 
infinite  interval  and  under  slightly  stronger  assumptions. 

Remark  1.  2.  It  is  useful  to  observe  that 

t 

s(t,X)  = 1 - X J r(.r,X)du 
0 

where  r and  s are  defined  in  (H^)  and  (H^)  respectively.  This  follows  from  the  fact  that 

a * s 1 * r,  togetuer  with  the  equation  defining  s.  Thus  if  (H  ) and  (H  ) are  satisfied 

T T 4 “ 5 1 

on  [0,T]  for  every  T>0  then  f r(t,X)dt  <f  a(t)dt  and  0 <f  r(t,X)dt  < ~ X > 0; 

j 0 0 0 X 

in  particular,  r(t,X)  c L (0,°°),  X > 0. 

Remark  1.3.  If  aft)  satisfies  (H^)  and  is  completely  monotonic  on  (0,T),  then  a 
satisfies  (H^)  and  (H^),  see  [ 7]  , [ 14]  . 

Remark  1.4.  We  also  note  that,  if  aft)  = e* . then  (H  .)  is  satisfied  but  not  (H  ).  However. 

- ’ 4 5 

(H  ) does  not  imply  (H  ).  To  see  this  take  a(t)  - \ J.  J!  f — * . Then  by  Proposition  1 
t>  4 U II  t > 1 

(li),  (H^)  is  satisfied.  But  for  X = 1,  as  shown  by  Levin  [12;  example  following 
Theorem  1.  4]  , r(l,t)  < 0 for  some  1 < t < 2. 

Theorem  1 is  used  to  deduce  the  following  results  about  solutions  of  equations  (1.1)  and  (1.1a) . 
Theorem  2 . (1)  Let  the  assumptions  (H^).  ( H ^ ) , (H^)  and  gt  l\o,T;Xa)  be  satisfied.  Then 

the  equation 

(1.8)  u(t)  + a * Au(t)  = a * g(t)  (0  < t < T) 
has  a unique  strong  solution  u given  by 

(1.9)  u = R * g , 

where  R is  thg  solution  of  equation  (R)  given  by  (1.  2),  and  (by  (1.  3)) 

(1.10)  Dull  4 < II a II  j II g II  j 

L(0,T;X)  L(0,T;1R)  L (0,T;X) 
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(ii)  Let  the  assumptions  (H  ).  (H  ),  (H  ),  (H  ) and 


«V 


f = fj  + f2  where  ^ . Lp(0,T;X  ^ 1 < p < < 

A 

( ™ — ..4.1 


and  f^  < w’  (0,T;X^)(  where  w’  is  the  usual  Sobolev  space. 

be  satisfied.  Then  equation  (1.1)  has  a unique  strong  solution  u = uj  + u2  wl,ere 

Uj(t)  = fj(t)  - R # Afj(t)  a.e.  on  [ 0,T]  f 


(1.11) 

and 

(1.12) 


u2(t)  = S(t)f 2(0)  + S * f^(t)  t € [ 0,T)  , 


where  S i_s  the  solution  of  equation  ( S ) given  by  (1.5):  moreover  there  is  a constant 
c = c(T)  > 0 such  that 

(1.13)  Hull  . <c{  ||f  ||  + ||f  ||  } . 

L(0,T;X)  L (0,  T;X  ) V\T’  (0,T;X) 

Remark  2.1.  If  A is  any  bounded  linear  operator,  then  X = X = X and  the  existence 

i f 

and  uniqueness  of  solutions  of  (1.1),  with  only  a t L (0,T;IR),  f t L (0,T;X)  is  well-known. 
In  the  case  when  A is  not  bounded,  existence  and  uniqueness  results  for  solutions  of  (1.1) 
have  been  obtained  by  Friedman  and  Shinbrot  [9]  , even  for  the  case  A(t)  where  A (t ) 
generates  an  analytic  semi-group  under  different  conditions  both  for  the  kernel  and  the  func- 
tion f with,  however,  different  objectives  than  ours. 

Remark  2.  2.  Formula  (1.11)  Is  well-known  when  A is  a bounded  operator:  formula  (1.12) 

has  also  been  employed  in  [8]  , [9]  where  S is  called  a fundamental  solution  of  (1.1). 

Remark  2,3.  In  the  unbounded  case  we  may  define  a weak  solution  of  (1.1)  as  follows:  there 

exist  sequences  { u } , { f } where  each  f < L*(0,T;X)  and  each  u is  a strong 
n ’ n n ’ n 

solution  of  (1.1)  with  f f such  that  f - f and  u — u in  L^O.TjX).  From  (1.13)  it 

n n n 

follows  that  if  f « l\o,T;X^)  + W*’*(0,T;X),  then  equation  (1.1)  possesses  a unique  weak 
solution.  (Note  that  L*(0,T;X  ) is  dense  in  L*(0,T;X. ) with  respect  to  the  norm  in 

L*(0,T;X);  similarly  fcr  W^’\o,T:XA)  in  W*’*(0,T;X).  A similar  remark  applies  to  (1.8). 
Remark  2.  4 . If  fj  0,  then  conclusion  (1.13)  can  be  strengthened  to: 


Remark  2.  5.  Since  the  kernel  is  real,  the  case  when  X Is  a real  Banach  space  can  be 
treated  as  a special  case  of  the  complex  case:  If  X - X + iX,  the  operator 
A(x  + ly)  Ax  4 lAy  satisfies  (H^ ) whenever  A satisfies  (H^).  Therefore,  we  can  restrict 
ourselves  to  the  complex  case. 

Remark  2.6.  If  a(t)  = 6 (t ) where  6(t)  is  the  Dirac  measure,  then  (1.1)  reduces  to 
u(t)  + Au(t)  - f(t),  and 

00 

(1.15)  S(t)  = (I  + A)'1  = / e ^e'^da  [19:  p.  240]  . 

0 

The  kernel  aft)  = 6(t)^  does  not  satisfy  (H^).  However,  6(t)  can  be  approximated  by 

kernels  a (t)  - — e a (o  — 0+ ) ; each  a satisfies  (H_),  (H  ),  (H  ) so  that  a(t)  = 6 (t) 

<j  <t  <t  2 4 5 

is  a limiting  case  of  our  theory  and  the  corresponding  measures  ^ approach  the  measures 

v in  (1.15)  of  density  e u,  Independent  of  t,  as  a — 0+. 

By  (1.2)  and  (1.5),  R(t)  and  S(t)  are  respectively  positive  and  convex  "combinations 
"to  A 

of  contraction  semigroups  e . From  this  observation  we  obtain  the  following  applications 
of  Theorems  1 and  2 which  we  state  as  Theorems  3 and  4. 

Theorem  3.  Let  (H^).  (H^),  (H^)  be  satisfied.  Let  P be  a closed  convex  cone  in  X,  such 
that 

(1.16)  (I  + \A)  P C P for  every  \ > 0 . 

Then 

(1.17)  R(t)PCP  a.e.  on  [0,T]  . 

Moreover,  if  In  equation  (1.8)  g(t) « P a.e.,  then  the  solution  u of  (1.  H)  lies  in  P a.e.  on 
( 0,T] . If  in  (1.1)  f«L1(0,TJC)  and  Af(t)  . P a.e.  on  [ 0,  T] , then 

(1.18)  f(t)  c u(t)  + P a.e.  on  [ 0,T]  , 

where  u is  the  (weak)  solution  of  (1.1);  in  particular,  if  P is  a positive  cone  in  X,  the 
last  statement  is  equivalent  to  the  "maximum  principle" : 

(1.19)  u(t)  < f(l)  a.e.  on  [0,T]  . 
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The  proof  of  (1.17)  in  Theorem  3 Is  an  Immediate  consequence  of  formula  (1.  2)  for  the 
operator  R,  together  with  the  standard  fact  that  assumption  (1.16)  Implies  that  e maps 
P into  P for  every  w<  F+.  Having  established  (1. 17 ),  the  remaining  conclusions  of 
Theorem  3 follow  from  the  representation  formula  (1.11). 

Remark  3.1.  If  one  studies  equation  (1.8)  in  the  scalar  case,  one  takes  A --  V > 0 to 
satisfy  (Hj).  If  (H^  is  satisfied  and  if  P = 1H+  , then  the  condition  (H^)  is  necessary  and 
sufficient  in  order  to  guarantee  that  the  solution  u of  (1.8)  satisfies  u(t)  > 0 for  every 
g > 0.  Thus  one  cannot  hope  to  improve  on  condition  (H^)  in  the  abstract  case. 

Theorem  4.  Let  (Hj),  ( H ^) , (H^,  (H^)  be  satisfied.  Let  P be  a closed  convex  cone  in  X 
satisfying  (1. 16).  Then 

(1.20)  S(t)PCP  for  0<t<T. 

(i)  Moreover,  if  u0  e P and  if  g(t)  < P a.e.  in  equation  (1.1a),  then  the  solution  u of  (1.1a) 
lies  in  P for  almost  every  ti  10,T]. 

(li)  If  in  (1.1),  ft  W1’  0,T;X]  where  f(0)  t P and  f'(t)  < P a.e.  on  [ 0,  T]  , then. 
the  (weak ) solution  u of  (1.1)  lies  in  P for  every  t t [ 0 , T]  . (The  last  assertion  holds 
for  any  closed  convex  set  P in  X). 

(ill)  Moreover,  if  X is  a real  Hilbert  space,  and  if  the  fu notion  <p  : X — [ 0,*]  is  convex. 
lower  semicontinuous.  proper  and  satisfies 

(1.21)  «p((I  + \A)_1x)  <.  <p(x)  for  every  X>0  and  every  xtX, 
then 

(1.  22)  ?(S(t)x)  < <p(x)  for  every  t i [ 0,  T]  and  every  x t X . 

The  proof  of  (1.  20)  in  Theorem  4 follows  from  formula  (1.  5)  for  the  operator  S, 

-cj  A 

together  with  the  observation  that  assumption  (1.16)  implies  that  e maps  P into  P 

for  every  wt  1R+.  Then  conclusion  (i)  of  Theorem  4 follows  from  (1.9),  (1.121  with 

f (t)  = uQ,  and  the  fact  that  the  operators  R and  S each  map  P into  P.  Similarly, 

conclusion  (ii)  follows  from  (1.12).  To  establish  (iii)  recall  that  assumption  (1.  21)  implies  that 

<p.  (e"“Ax)  < <r  (x)  for  every  <*>>0,  \ >0,  xeX, 

K X 


7- 


where  <p ^ Is  the  Yosida  approximation  of  if,  [ 3,  Proposition  2.11]  . Then  (1.22)  follows 

from  (1.5),  Jensen's  inequality  and  sup  v>  (x)  Wx),  [3,  Proposition  2.11]. 

\ >0  X 

Remark  4. 1.  Conclusion  (il)  of  Theorem  4 is  an  abstraction  of  a result  of  Levin  [ 12;  Lemma  1.  3] 
in  ft*.  His  result  is 

"Let  a*  L joc (0 , 00 ) , a (t > nonnegative  nonincreasing  on  (0,°°).  Let 
f « C[  0,®)  be  nonnegative  and  nondecreasing  on  (0,®).  Then  the 
solution  x of  the  equation 

x(t)  + a * x(t)  - f(t)  (0  < t < *>) 
satisfies  0 < x(t)  < f(t)". 

This  result  is  also  an  immediate  consequence  of  Proposition  1 (ii)  and  of  the  formula 


t 

X(t)  = S(t)f(0)  4 f S(t  - <r)df(o)  . 
0 


Levin's  proof  in  [ 12]  is  different;  he  improves  his  result  by  a smoothing  argument  which 
permits  him  to  remove  the  assumption  f « C[0,°°).  This  is  also  evident  from  the  preceding 
formula. 

In  Theorem  4 (ii)  both  assumptions  (Hi  and  (H  1 are  used.  It  is  of 

4 5 

interest  to  note  that  in  the  abstract  case  the  assumption  H^)  (which  is  satisfied  when  a 
is  positive  and  nonincreasing)  is  not  sufficient  to  insure  that  S maps  P into  P when 
condition  (1.16)  Is  satisfied.  To  see  this  we  consider  the  following  example  in  IR2. 

Let 


(1.23) 


if  0 < t < 1 
if  t > 1 , 


and  consider  for  a > 0 the  operator  A defined  by 

a 


(124) 


A = U A U where 
a a 


A = 

a 


1 0 
0 14  aj 


U = 


< 2 


r l l 
-l  l 
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For  every  a > 0,  the  real  matrix  A is  symmetric  and  positive  definite.  Thus  -A 

a a 

generates  a contraction  semigroup  on  ( IR2,  with  the  usual  Euclidean  norm.  If  P is  the  cone 
K+  = ((x.  y)  ‘ 1R  : x > y > 0 ),  then  it  is  easily  checked  that  (I  + X.A  ) *P  < P for  every 
a > 0,  k > 0,  so  that  (1.16)  is  satisfied. 


Corresponding  to  the  kernel  a defined  by  (1.  23),  the  function  s(t,  X.)  of  (H  ) is 


(1.25) 


s(t,  \)  = < 


e Xt  if  0 < t < 1 

e Kt  + k(t  - l)e_X^t_^  if  1 < t < 2 , 


and  clearly  (H  ) is  satisfied  on  the  interval  0 < t < 2. 

We  next  compute  the  operator  S corresponding  to  A . Consider  the  equation 

a a 

p 

(1.26)  u + a*Au  = x,  x < IR  . 

a 

By  setting  v = Uu,  y = Ux  equation  (1.26)  is  transformed  to  the  equivalent  diagonal  form 

(1.27)  v4a*Av=y, 

a 

which  by  the  definition  of  s(t,  \)  in  (H  J gives  the  solution 

3 


v(t)  = 


( s(t,  l )y J 

j s(t,  l)[xj  4 X2J  \ 

\ v2(.l  / 

. s(t,  t 4 a)y2 

= 

| S(t,  1 4 o)l  -Xj  + x2  1 ' 

Thus  the  solution  of  (1.26)  is 


“(t)  = I 


I s(t,  1)[  Xj  4 x^  ) - s(t,  1 + Q-)[  -x1  + x2  ] 


\ S(t,  1)[  Xj  4 x2  ] 4 s(t,  1 4 o)(  -Xj  4 x2  ] 


and  the  operator  S (t)  is 
a 


S (t)  - 7 

a 2 


s(t,  1)  4 s(t,  1 4 a)  s(t,  1)  - s(t,  1 4 a) 

s(t,  1)  - s(t,  1 4 a)  s(t,  1)  4 s(t,  14  0), 


To  show  that  (H  J is  not  sufficient  to  prove  that  S maps  P = R*  into  P,  it  is  sufficient 

at  e 


to  have  s(t,  1)  - s(t,  1 4 a)  < 0 for  some  t > 0 and  for  some  a > 0.  Observe  that  from  (1.  25) 

(1.28) 


ff  (t,  k)  = -e"X(t_1,(  k(t  - l)2  - (t  - 1)  4 te“X)  for 


Ac  1 

1 < t < 2,  \ > 0 Thus  ~ (1  ♦ TT,  1)  > 0,  so  that  there  exists  a > 0 such  that 

a \ 10 
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which  establishes  the  claim. 


sd  + io  ' i)  " sd  + ]i*i  + °)  < o* 

We  note  the  above  argument  also  shows  that  (H^)  does  not  imply  that  s(t,  K)  is 
completely  monotonic  in  X.  (See  remarks  following  Lemma  2.1  below). 
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2^ Proof  of  Theore ms  1 and  2 . 


We  will  prove  Theorems  1 and  2 in  two  main  steps.  We  first  consider  the  case  when 
A is  a bounded  operator.  In  this  case,  by  Remarks  2.  1 and  2.2,  it  suffices  to  prove  the 
representation  formulas  (1.2)  and  (1.5);  for,  having  these  one  immediately  has  the  estimates 
(1.  3),  (1.  4),  (1. 6),  (1.  7)  as  well  as  the  conclusions  of  Theorem  2.  We  then  consider  the 
case  when  A is  an  unbounded  operator  as  a limiting  situation  of  the  bounded  case  using 
the  Yosida  approximation  of  A.  The  case  where  A is  bounded  is  further  divided  into  U.f 
parts : 

(i)  scalar  case.  We  require  the  following  preliminary  result. 

Lemma  2. 1.  If  a.'t)  satisfies  assumptions  (H  J.  (H^),  then  r(t,  X),  defined  m 15. 

completely  monotonic  in  X.  for  0 < X.  < 00  for  t « [ 0 , T ] a.e.  If  moreover  a(  t ) satislyjs. 
(H^),  then  s(t,  X),  defined  in  (H^)  is  completely  mono  tonic  in  X for  0<\<°°  for 
every  t < [ 0, T] . 

Proof  of  Lemma  2.1.  We  consider  the  equations 

(2. 1)  r(t,  X)  + Xa  * r(t,  X)  = a(t) 

(2.2)  s(t,  X)  + Xa  * s(t,  X)  = 1 

of  assumptions  (H  ) and  (H^)  respectively  with  X complex  rather  than  X > 0.  Let  E 
denote  the  spaces  L1(0,  T;C)  or  C(0,T;C).  Define  the  operator  K:E-E  by 
K (t)  = a * x(t)  (x  c E).  K is  a bounded  linear  operator  with  spectrum  a(K)  = 0.  Thus 
for  u ‘ E,  the  function  v defined  by  v(X)  = (1  + XK)  u,  X c C,  is  an  entire  function 
of  X with  values  in  E.  By  differentiation  and  induction  one  has  the  formula: 

n 

(2.3)  (-1)"  v(X)  = n!  Kjv(X),  n = 0,1,2,... 

dX 

where  the  operator  is  defined  by 

(2.4)  KK=K(1  + XK)_1. 

We  claim  that 
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(2.5) 


t 

K^x(t)  = f r(t  - s,X)x(s)ds  (x  c E)  . 

0 

To  prove  (2.5)  take  the  convolution  product  of  both  sides  of  (2.  1)  by  x < L*(0,  T;(L), 
obtaining 


r(t,  X)  * x(t)  + Xa  * r(t,  X)  * x(t)  = a * x(t) 


Thus  u^( t)  - r(t,  X)  * x(t)  satisfies  the  equation 


ux(t)  + Xa  * u^(t)  = a * x(t)  ; 

by  uniqueness  of  solutions  of  this  scalar  equation  and  by  the  definition  of  in  (2.  4) 

this  shows  that  u^(t)  = K^x(t)  and  proves  (2.  5). 

For  X > 0,  assumption  (H^)  implies  that  the  operators  map  the  set  of  non- 

negative real  funct'ons  in  E into  itself.  To  prove  the  first  assertion  of  Lemma  2.1, 
consider  v (x)  = (I  + XK)  *a;  then  v (X)(t)  = r(t,  X)  a.  e.  in  [ 0,  T] , r(t,  X)  > 0 by  (H  ), 

3 3 » 

3n 

and  by  (2.3),  (2.5)  (- 1 ) r(t,  X)  > 0 a. e.  in  [ 0,  T)  for  0 < X < » . To  prove  the 

second  assertion  of  Lemma  2.1,  take  v^(X)  = (I  + XA)  1;  then  v(X)(t)  = s(t,  X)  >0  by 
(H^),  and  complete  the  proof  as  above.  Tnis  completes  the  proof  of  Lemma  2.1. 

It  should  be  noted  that  the  second  assertion  of  Lemma  2.1  is  stated  by  Friedman  [ 8, 
lemma  2.7)  under  only  the  hypothesis  that  a >0  and  nonincreasing.  However,  his 
proof  also  uses  (H^).  (He  should  also  require  (H^)  for  his  Theorem  5.2,  p.  144).  To  see 
that  (H^)  is  not  sufficient  for  the  complete  monotonicity  of  s(t,  X)  with  respect  to  X, 
we  consider  again  the  kernel  a defined  in  (1.23).  The  corresponding  function  s(t,  X)  is 
given  by  (1.  25)  and  s(t,  X)  > 0,  for  0 < t < 2.  However,  as  seen  from  (1.  28), 

S'"  To-"’0- 


We  shall  next  obtain  representations  of  the  entire  functions  r(t,  X),  s(t,  X)  for 
Re  X > 0 . 

By  Lemma  2. 1 and  Bernstein's  theorem  [ 18),  there  exists  a positive  finite  measure 
on  1R+  such  that 
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(2.6) 


r(t,X)  = / e'“XduM  (ReX  > 0;  t « ( 0,  T]  a.e.) 
0 1 

00 

a(t)  = / du  (cj)  (t  « [ 0,  T)  a.e.)  . 

ft  ^ 


Similarly,  using  s(0,x)  = 1,  there  exists  a probability  measure  v on  1R+  such  that 


(2.7) 


s(t,  X)  = / e"“Xdv  (u>)  (ReX  > 0;  t c [0,  T))  . 

r\  t 


Thus  (2.6)  and  (2.7)  correspond  to  formulas  (1.2)  and  (1.5). in  the  scalar  case. 

(ii)  A is  a bounded  operator  satisfying  (H^).  By  a standard  argument  equations  (R)  and  (S) 
possess  for  every  x c X a unique  solution  which  we  denote  by  R(t)x  and  S(t)x  respec- 
tively. We  first  prove  the  representation  formulas  (1.2)  and  (1.  5)  for  the  opera’  Drs  A 

e 

defined  by 

(2.  8)  A£  = el  + A (1  > e > 0)  . 

Define  the  operators  R and  S by  the  formulas 
e c 

(2.9)  R (t)x  = -~  / r(t,X)(Xl  - A )_1xdX  (0  < t < T)  , 

e ein  c e 

c 

(2.10)  S (t)x  = ~ / s(t,X)(Xl  - A )_1xdX  (0  < t < T)  , 

e C E 

e 

where  x « X,  r(t,  X),  s(t,X)  are  defined  by  (2. 1)  and  (2. 2)  respectively  for  X i I.  C is 

e 

a closed  contour  in  the  complex  X plane,  oriented  counterclockwise,  consisting  of  a 

finite  number  of  rectifiable  Jordan  arcs  and  such  that  C = 9U  , where  U is  an  open 

e e e 

set  containing  the  spectrum  of  A^.  The  Integral  in  (2.9),  (2.10)  are  the  usual  Dunford 

integrals  (19,  p.  225  J.  It  is  shown  by  Friedman  (8,  Theorem  3.1]  that  S^(t)x  defined 

by  (2.10)  is  the  unique  solution  of  equation  (S)  with  A replaced  by  A . An  entirely 

e 

analogous  argument  shows  that  Re(t)*  defined  by  (2.9)  is  the  unique  solution  of  equation  (R) 
with  A replaced  by  A^. 


-13- 


We  next  observe  that  the  spectrum  o(A^)  is  contained  in  the  half  plane  Re  X.  > e, 
and,  if  < < 1,  in  the  ball  of  radius  1 + I! A II . Thus  we  may  choose  C£  to  be  the  rectangle 
bounded  by  the  segments  joining  the  points  (^  - i (2  + II A II ) ) , ((2  4 II A II )( 1 - i)), 

((2  + II A II  )(1  4 i ) ),  + i(2  4 || A II ) ) oriented  counterclockwise.  Using  the  representation 

(2.  6)  in  (2.9)  under  assumption  (H^)  and  the  representation  (2. 7)  in  (2. 10)  under  assumptions 


(H4),  (H^)  we  obtain 


oo  -ujA 

R£(t)x  = / e Ex  djit(w)  (x  « X)  , 


(2.12) 


oo  -uA 

S£(t)x  = / e £x  dv^co)  (x  « X) 


The  proofs  of  (2.11),  (2.12)  follow  from  a theorem  on  th<  Dunford  integral  [19,  p.  226], 

“coA 

together  with  Tubini's  theorem  and  the  definition  of  the  operator  e by 

-u)A  . . 

e Cx  = — / e u ( VI  - A ) xdk  (x  <■  X)  . 

2nl  E 


Thus  formulas  (2.11),  (2.12)  establish  (1.2)  and  (1.5)  respectively  with  A = A . We  next 

c 

let  t -»  0 + . We  first  show  that 


(2.13) 


OO 

P (t)x  -*  z(t)  = J e uAx  dji  (u>)  in  l\o,T;X) 


We  then  show  that  z(t)  is  the  unique  solution  of  equation  (R).  Substituting  (2.8)  in  (2.11) 
we  have 

Mr  (t)x  - / e “^x  dfi  (w)ll  = 11/  (e  Eu>  - l)e  wAdu  (w)  II  . 

0 0 

Therefore,  by  a simple  application  of  Lebesgue's  dominated  convergence  theorem 


llm  ||r  (t)x  - / e “Ax  du(u)  II  = 0 a.  e.  on  ( 0,  T]  . 
e -0  e 0 


Moreover,  since  e is  a contraction  semigroup,  we  have 
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(2. 14) 


Hr  (t)xl|  < / He  Cue  wAx  II dp.  (<*>)  < llxlla(t)  a.e. 

0 1 

Since  a < L‘(0,  T),  another  application  of  Lebesgue's  theorem  establishes  (2.13). 

We  next  show  that  the  function  z defined  in  (2. 13)  is  the  unique  solution  of  equation 

We  know  that  R£(t)x  is  the  unique  solution  of  the  equation 

(R  ) u (t)  + a * Au  (t)  + ea  * u (t)  = a(t)  a.e. 

£ £ £ e 

Observe  that  by  (2.14) 

Hull.  < llxll  / a(t)dt  • 

L (0,  T;X)  0 

Consequently  ea  * u^  - 0 in  L^O,  T;X)  as  e — 0 + . Since  u^  - z in  1,^(0,  T;X)  as 
e — 0 , one  has  that  z(t)  satisfies  equation  (R)  a.e.  on  [0,T].  By  uniqueness, 
z(t)  = R(t)x,  establishing  (1. 2).  An  entirely  similar  argument  with  L*(0,T;X)  replaced  by 
C(0,T;X)  and  assuming  (H^)  establishes  (1.5). 

A an  unbounded  operator  satisfying  (H^).  Using  the  assumptions  (H^),  (H^),  (H^)  we  define 
the  operator  R by  the  relation 

00 

(2.15)  R(t)x  = / e-u>Ax  dp  (w)  (x  < X)  , 

0 1 

for  those  t « ( 0 , T ] for  which  pjui)  is  defined,  and  define  R(t)x  = 0 (x  t X)  otherwise. 
Similarly,  using  assumptions  (H^),  (H^),  ( H^) , (H^)  we  define  the  operator  S by  the  relation 

00 

(2.16)  S(t)x  = | e dv  (u)  (x  c X),  t < [O.T]  . 

0 1 

The  measures  ^ and  in  (2.15)  and  (2.16)  are  defined  in  (2.6)  and  (2.7)  respectively. 

We  point  out  that  the  operators  R and  S will  be  identified  with  the  operators  R and  S 
of  Theorem  1 after  Lemma  2.  5 below.  By  (H^)  and  elementary  semigroup  theory  R and  S 
are  bounded  operators  in  X,  X , and  X ; we  have  the  estimates: 

A .4 
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(2.17)  II  R(t)x  II  < a(t)  II  x ||  (t  « [ 0,  TJ ; x « X) 
and  also 

(2.18)  ||s(t)x||  < llx  II  (t  « (0,T);  x « X)  . 

Define 

Jx  = (1  + VAf 1 (X  > 0) 
and  the  Yosida  approximation  of  A by 

W»-V  lk>0,i 

recall  that  by  (H^)  is  a contraction  on  X for  every  X > 0 and  that,  see  [19;  Cor.  2, 
p.  241]  where  the  notation  is  different, 


(2.19)  A^x  = J^Ax  = AJ^x  (x  t XA)  . 

We  also  need  to  define  the  operators  and  S^  respectively  by  the  relations 


(2.20) 


_ 00  "“A 

R (t)x  = / e x dp  (u)  (X  > 0)  , 


for  those  t « [0,T]  for  which  pjw)  Is  defined  and  R^(t)x  = 0 (x  * X)  otherwise,  and 


(2.21) 


_ 00  -uA 

S (t  )x  - f e x di<  (w)  (X  >0,  t * [ 0,  T],  x « X) 
X 0 


Since  A^  is  a bounded  operator  for  every  X > 0,  it  follows  from  uniqueness  in  the  bounded 

case  and  from  part  (ii)  that  R^(t)x  = R^(t)x  *or  1 ‘ [ 0 » T]  a.e.  and  x « X,  where 

R^(t)x  is  the  unique  solution  of  equation  (R)  with  A replaced  by  A^ . Similarly, 

S (t)x  = S (t)x  for  t € [ 0,  T]  and  x t X,  where  S (t)x  is  the  unique  solution  of 
XX  X 

equation  (S)  with  A replaced  by  A . We  shall  use  the  following  properties  of  the  operators 
R,  R^  S,  SK. 

Lemma  2.2.  Let(Hj),  (H^),  (H^)  be  satisfied.  Let  R and  R^  be  defined  by  (2.15)  and 
(2.20)  respectively.  Then 


(2.22) 


Rx  < L*(0,  T;X)  (x  < X)  , 
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(2.23) 


= 0 (x  € X)  . 


llm  II  Rx  - R x II 
X-0  X L*(0,  T;X) 

Moreover,  if  v t L (0,  T;X),  then  as  a function  of  s 

(2.24)  R(t  - s)v(s)  « lV.TiX)  (t  « [ 0,  T]  a.e.), 

t „ _ . 

(2.25)  > / R(t  - s)v(s)ds  = R * v(t)  « L*(0,  T;X)  , 

0 

(2. 26)  lim  Hr  * v - R * vll  , = 0 . 

X-0  X L*(C,T;X) 

Finally,  if  v^  — v in  L^O.TiX)  as  X — 0+,  then 

(2.27)  llm  Hr  v - R.  * v II  . = 0 . 

X-0  X I.  (0,  T;X) 

Lemma  2.  3.  Let  (H,).  (HJ.  (H.),  (HJ  be  satisfied.  Let  Sand  Sx  be  defined  by  (2. 16) 

1 L 4 D K 

and  (2 . 21)  respectively.  Then  pro pertles  (2.22)  - (2.27)  hold  with  R replaced  by  S and 

R^  replaced  by  S^. 

Remark  2.4.  In  Lemmas  2.2  and  2.3  the  space  X can  be  replaced  by  X or  X . without 

A 

changing  the  proof.  Also  if  v,  v^  t Lp(0,  T;X),  p > 1,  then  the  properties  (2.24)  - (2.27) 
hold  in  LP(0,T;X).  Moreover,  in  Lemma  2 . 3 one  can  replace  l\o,T;X)  by  C([0,T);X) 

In  the  formulas  corresponding  to  (2. 22),  (2.23),  (2.  25)  - (2.  27). 

We  only  give  the  proof  of  Lemma  2.2. 

First  (2.22)  Is  immediate  from  (2.17)  by  integration.  To  prove  (2.23)  we  observe  from 
(2.20)  that 

(2.28)  llRx(t)x  II  < a(t)  llxll  (x  « X;  t * [ 0,  T] ) . 

Next,  we  show 

(2.29)  R^ttjx  — R(t)x  (x  - 0 + ; x « X;  t < [ 0,  T]  a.e.). 

By  semigroup  theory,  ( 19  J , 

_M\  -ijA 

e x — e x (X  - 0 ) 

uniformly  in  w on  compact  subsets  of  IR+,  and  so  (2. 28)  holds  by  Lebesgue's  dominated 
convergence  theorem.  Thus  (2.23)  follows  from  (2.28),  (2.29),  (H^),  and  Lebesgue's 
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dominated  convergence  theorem.  By  (2.  22)  R(t  - s)v(s),  as  a function  of  (s,t),  Is  measur- 
able for  0 < s < t < T with  values  in  X.  By  (2. 28)  one  has 
(2.  30)  llRv(t  " SMS)  II  - a(l  " s)  II v(s)  II  i 

where  by  (11^)  a(t  - s)  llv(s)  II  « l\o,  T; IR+)  for  t « [ 0,  T]  a.e.  Thus  one  obtains  (2. 24) 

by  letting  V -»  0+  and  by  applying  Lebesgue's  dominated  convergence  theorem  in  (2.  30). 

To  prove  (2.2S)  and  (2.26)  we  integrate  (2.  30)  obtaining 

T t T 

/ / Hr.  (t  - s)v(s)  lldsdt  < / a(t)dt  II  v II 
0 0 0 L (0,  T;X) 

Therefore,  (2. 26)  follows  from  Fatou's  lemma  and  (2.26)  follows  by  again  applying  Lebesgue's 

theorem.  Finally,  writing 

R * v - R * v = (R  * v - R * v)  + (R  * v - R * v ) , 

XX  X X XX 

and  using  arguments  similar  to  those  employed  above  one  obtains  (2.27).  This  completes 

the  proof  of  Lemma  2.2. 

We  next  establish  the  uniqueness  of  solutions  of  (1.1)  when  A is  an  unbounded 
operator  satisfying  (H^). 

Lemma  2.  S.  Let(Hj),  (H^),  (H^)  be  satisfied  and  let  u«  L*(0,  T;X^)  be  a strong  solution 
Si  the  equation 

u + a * Au  = 0 . 

Then  u = 0. 

Proof  of  Lemma  2.6.  For  any  X > 0 we  have  from  the  given  equation  and  from  (2.19)  that 

J^u  + a * A^u  = 0 , 

or  equivalently 

u + a * A^u  = u - J^u  . 

By  using  the  fact  that  A^  is  a bounded  operator,  together  with  the  representation  formula 
(1.11)  where  A is  replaced  by  A^,  f^  is  replaced  by  u - J^u,  and  R is  replaced  by 
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ICC 


and  the  uniqueness  of  solutions  of  (1.1)  in  the  bounded  case,  we  obtain 
(2.  31)  u = u - Jxu  - * A ^(u  - Jxu)  , 

where  R is  defined  by  (2. 20).  We  wish  to  show  that  u-J  u and  A (u  - J u)  each 
\ x x x 

tend  to  zerc  as  X -»  0 in  L (0,  T;X)  for  u i L (0,  T;X^).  We  have 

T T T 

/ II  u - J u II  (t)dt  = f X II A u II  (t)dt  < X f II Au  II  ( t)dt  , 

o K o k 0 

which  tends  to  zero  as  X — 0 . Also 

■V“  - V II  (t)  = II A xX  Axu  II  (t)  = II X A x J x v II ( t)  , 

where  v = Au;  thus 

Ha  fu  - J u)||(t)  = II  Jv  - J (Jv)  II  (t)  < II  v - J vll(t)  . 

XX  X X * * 

But 

II v - Jxv||(t)<2||vl|(t)  = 2 II Au  lift)  « 1^(0,  T)  ; 

moreover, 

II  v - J^vll(t)  -»  0 a.e.  on  ( 0,  T J, 

and  therefore,  by  Lebesgue's  theorem,  Ax(u  - J^u)  ■*  0 as  X - 0 in  L (0,  T;X)  for 

u < L*(0,  TjX^).  Letting  X - 0 + in  (2.  31)  and  using  the  above  facts  together  with  (2.  27)  of 
Lemma  2.2,  we  obtain  u = 0.  This  completes  the  proof  of  Lemma  2.5. 

We  will  complete  the  proof  of  Theorems  1 and  2 by  first  noting  that  Lemma  2.  5 establishes 
the  uniqueness  assertions  in  Theorems  1 and  2.  To  prove  Theorem  1,  part  (i),  we  shall  prove 

that  R(t)x  is  a solution  of  equation  (R)  for  x i X^.  We  know  that  u x = Rx(t)x  defined 

by  (2.20)  is  the  unique  solution  ot  the  approximating  equation  associated  with  (R): 

(2.  32)  u 4 a *A  u = a(t)x  (0  < t < T;  x i Xft)  . 

By  Lemma  2.  2 and  Remark  2.  4 

(2.  33)  u — u = Rx  In  L*(0,  T;X^)  as  X — 0+  , 
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where  R is  defined  by  (2.15).  Thus  to  pass  to  the  limit  in  equation  (2.  32)  as  X -*  04,  It 
suffices  to  show  that 

-*  Au  in  L*(0,  T;X)  as  X - 0+  . 

But  A u = AJ  u ; thus  it  suffices  to  show  that  J u - u in  L^O.TjX  J as  X - 0+. 

\ \ K K XX  A 

This  is  equivalent  to  showing  that 

(2*34)  XA\U\  = ux  ' Jxux  * 0 in  l1(°»t:xa)  as  * - 0 + . 

But 

T T T 

/ llA  u (s)llds  = / ||  J Au  (s)  lids  < / II Au  (s)  lids  < II  u II  . <M, 

o V X 0 K X 0 V " X lV.Tjx^- 

where  M > 0 is  constant  and  where  the  last  inequality  follows  from  (2.  33).  This  proves 
(2.  34)  and  shows  that  R(t)x  is  a solution  of  equation  ' R)  for  x < X^  and  for  0 < t < T.  By 
the  uniqueness  result  of  Lemma  2.  5 we  identify  R(t)x  with  R(t)x  of  Theorem  1 and  thereby 
prove  (1.2).  The  a priori  estimates  (1.3),  (1.4)  follow  from  Lemma  2.2  and  Remark  2.4.  This 
completes  the  proof  of  Theorem  1 (i). 

The  proof  of  Theorem  1 (ii),  is  similar  using  the  approximating  equation  associated 
with  (S): 

\ + a*Vx  = x- 

where  u^  = S^(t)x  defined  by  (2.21),  and  Lemma  2.3.  This  completes  the  proof  of  Theorem  1. 

To  prove  Theorem  2 (i)  it  is  sufficient,  by  Lemmas  2.  2 and  2.  5,  to  show  that  u = R * g 
is  a strong  solution  of  (1.8).  To  do  this  we  consider  the  approximating  equation  associated 
with  (1.8): 

(2-35)  u +a*Au  =a*g  (g  * l\o,  T;X  ))  . 

K K K 

We  already  know,  since  A is  a bounded  operator,  that  u = R * g is  the  unique  solu- 

K \ K 

tion  of  (2.  35),  and  by  Lemma  2.2  and  Remark  2.4 

uK-u=R*g  in  l’(0,T;X)  as  X - 0+  . 
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One  completes  the  proof  of  Theorem  2(i)  by  letting  X — 0 in  (2.  35)  and  by  observing  as 
before  that  A^u^  — Au  In  l\o,T;X)  as  X — 0 + . The  estimate  (1-10)  follows  immediately 
from  Us  validity  for  u^  = R^  * g,  together  with  Lemma  2.2. 

To  prove  Theorem  2(ii)  we  consider  the  approximating  equation  arsociated  with  (1.1): 

(2.  36)  + a * A^u^  = f . 

We  first  take  f = f^  in  (H^).  Since  A^  is  bounded 

uix  = fi-\*Vi 

is  the  unique  solution  of  (2.3()  w:  ~ 'j.  We  have  that  « l\o,T;X^)  and  by 

Lemma  2.2  and  Remark  2.4 

u -u1  = f2  - R * Af2  in  L1(0,T;Xa)  as  X - 0+  . 

As  above,  A^u^  -*  Au^  *n  l\o,  T;X)  as  X — 0 + . Thus  letting  X — 0+  in  (2.  36)  and 
using  Lemma  2.5,  shows  that  u ( given  by  (1.11)  is  a strong  solution  of  (1.1). 

We  next  take  f = f,  in  (H  ),  and  we  obtain  (1.12)  by  a completely  analogous  argument. 

C O 

The  estimate  (1. 13)  follows  from  formulas  (1. 11),  (1. 12),  together  with  the  estimates  (1.  4), 

(1.6),  (1.7).  This  completes  the  proof  of  Theorem  2. 
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3.  A a Nonlinear  Operator- 


In  this  section  we  give  a nonlinear  analogue  of  Theorems  3 and  4.  Let  X be  a real 

X 

Banach  space  and  let  PCX  be  a closed  convex  cone.  Let  A : D(A)  c X -*  2 be  a given, 
possibly  multivalued,  m-accretive  operator  [6;  p.  139]  satisfying  the  condition 


: 3.  i) 


(1  + \ A) " 1 P CP  (X.  > 0)  . 


Let  a satisfy  (H  ) and  ( H ) and  let  f satisfy  (H  ).  Consider  the  equation 
2 4 3 


(3.2) 


u(t)  + a * Au(t)  5 f(t)  t * [ 0,  T]  , 
1, 


where  T > 0.  We  say  that  u « L (0,  T;X)  is  a solution  of  (3.  2)  on  [ 0,  Tj  if  there  exists 
w « L*(0,T;X),  where  w(t)  < Au(t)  a.e.,  such  that  u(t)  +a  * w(t)  = f(t)  a.e.  for 
t « l 0,  T) . 

Theorem  9.  Let  (H^).  (H^)  be  satisfied.  Let  f satisfying  (H^)  be  such  that 

r 


<V 


for  every  X >0,  v,  the  unique  solution  of  the  linear  equation 
(3.3)  v(t)  + Xa  * v(t)  = f(t)  t « [ 0,  T ] a.e., 

satisfies  v( t)  < P a-e.  on  ( 0,  T ] . 


Por  every  X > 0 let  u^  be  the  unique  solution  of  the  equation 


(3.4) 


u^(t)  + a * A^ujt)  = f(t)  t « l 0,  T]  a.e. 


where  A^  is  the  Yosida  approximation  of  A.  if  ( 3. 1)  is  satisfied,  then  u ^(t)  < P a.e.  on 

I 0,  T] . Moreover,  if  u is  a.  solution  of  equation  (3.2)  such  that  u = weak  lim  u in 
, X -»0 

L(0,T;X),  then  u(t)  « P a.e.  on  [ 0 , T ] . 

Remark  9.1.  Under  the  assumptions  of  Theorem  5 it  follows  from  Theorems  3 and  4 with  A = Xl 
that  if  f(t)  = a * g(t),  g < l\o,  T;X),  then  (H?)  is  satisfied  if  g(t)  c P a.  e.  on  [ 0,  T] . 

If  f(t)  = uQ  + a * g(t),  where  uQ  « P and  g is  as  above,  then  (H7>  is  satisfied  provided 
that (H  ) holds.  If  f « W^’*(0,T;X),  then  (H  ) is  satisfied  provided  that  (H  ) holds,  and 
that  f(0)  « P and  f'(t)  * P a.e.  on  [ 0 , T ] . 

Remark  9.2.  If  A is  linear  and  satisfies  (H^),  equation  ( 3.  2)  is  (1. 1);  it  was  shown  in 
section  2 that  the  unique  solution  u^  of  (3.4)  converges  to  u,  the  unique  solution  of  (1.1), 
under  the  assumptions  of  Theorem  2. 
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Remark  S.  3.  If  X = H a real  Hilbert  space  and  if  A = 'dv,  where  v : H * (-«>,«]  is 
convex,  l.s.c.  and  proper,  Rarbu  [1]  and  London  [13]  establish  the  existence  and  unique- 
ness of  the  solution  u of  equation  (3.  2)  as  a limit  of  solutions  u^  of  equation  ( 3.  1),  ; 
that  Theorem  5 can  be  applied  to  such  a nonlinear  equation.  A generalization  to  the  case 
when  A is  a maximal  monotone  operator  on  H is  carried  out  by  Gnpenberg  [ 11  ] . It 
should  be  noted  that  in  the  existence  theory  of  [ 1 ] , [11],  and  [13]  a(0)  > 0 and  finite  is 

essential,  while  in  Theorem  5 a (0  + ) = +°e  is  permitted. 

Proof  of  Theorem  5.  Consider  the  equation  (3.  A)  written  in  the  equivalent  form 


(3.5) 


% + ia  = f + * Jkux  • 


Define  f t L1(0,  T;X)  to  be  the  unique  solution  of  (3.  3)  with  X replaced  by  ByfHj 


\ = W ’ 


f (t)  « p a.  e.  on  [ 0,  T] . It  is  easily  checked  using 

t t i 

r( t , “■ ) + ~ f aft  - o )r(o  , ~ )do  = aft)  and  f ft)  = fft)  - ~ f rft  - a,  -)f(o)da 
X X 0 X \ \ q 

that  equation  (3.  5)  is  equivalent  to  the  equation 
(3.6) 
where 

t 

f 

" 0 

Observe  that  F maps  i/fO.TjX)  into  itself.  We  prove  that  some  iterate  of  is  a 

strict  contraction  in  L^(0,T;X).  Indeed,  from  (3.7),  ( TT^ ) and  the  contraction  property  of 
(recall  A is  m-accretive)  one  has 


Fv(z)(t)  = ~ / rft  - o,  ^)Jx(z)(a)do  + fx(t)  . 


(3.8) 


If.  (u)(t)  - F.  (v)(t)  II  < 7 / I rft  - s,  h I llufs)  - vfs)  lids  . 

X X X A ^ 


Define  b(t)  = j r(t,  -*)  and  b"(t)  = b *b  * b (t),  where  the  convolution  is 

XXX  XXX  X 

taken  n times.  Iterating  (3.8)  n times  we  obtain 
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(3.9) 


l\o,T;X) 


II r”(u)(t)  - r"(v)(t) II  < b"  * tlu-vll 
t n^ 

For  any  fixed  X choose  n so  large  that  f b (o)dff  = K <1;  then  integrating  (3.9) 

X Q X X 

we  obtain 

n.  n 

(3.10)  II F (u)  - F (v)  II  <R  II u - v II 

L (0,  T;X)  L (0,  T;X) 

Thus  ( 3.  6)  (and  by  the  equivalence  also  ( 3.  4))  has  a unique  solution  u^‘  l'(0,T;X)  given  by 

ux  = lim  F^Ug),  for  any  uQ  t L^O,  T;X)  . 

n - oo 

In  particular  if  uQ(t)  « P a.e.  on  [ 0 , T ) and  if  assumptions  (H^)  and  (H_,)  are  satisfied, 
then  by  ( 3 . 1)  and  ( 3. 7)  r^(uQ)(t)  « P a.e.  on  [0,T]  and  the  sarfie  holds  for 
for  every  n.  Consequently  the  unique  solution  of  ( 3.  4)  u^(t)  ‘ P a.e.  on  [ 0 , T ] . This 

completes  the  proof  of  Theorem  5. 

Remark  S.  4.  Prom  the  proof  of  Theorem  5 it  is  clear  that  Theorem  5 provides  an  alternative, 

and  in  fact  simpler,  treatment  of  Theorems  3 and  4 in  the  linear  case.  However,  in  the 

linear  case  Theorems  1 and  2 provide  explicit  representations  for  the  operators  R and  S 

and  hence  more  information  about  the  solution.  Moreover,  the  method  of  proof  of  Theorem  5 

can  be  used  to  analyse  more  general  situations.  For  example,  le  t X be  the  product  of  n 

Banach  spaces  X,,X  X and  interpret  equation  (3.2)  as  a system  of  n equations 

1 2 n 

with  u(t),  f(t)  < X for  t t [ 0,  Tj  and  the  kernel  a being  a n x n matrix  satisfying 
( ) componentwise,  and  such  the  associated  matrix  resolvent  r(t, \)>0  componentwise 
(analogue  of  (H^)).  Let  P be  a closed  convex  cone  in  X and  let  A be  a m-accretive 
operator  on  X for  a suitable  norm  satisfying  (3.1).  If  f satisfies  (H^)  and  (H^),  then 
the  conclusions  of  Theorem  5 hold. 

Remark  5.  9.  The  proof  of  Theorem  9 is  in  the  same  spirit  as  the  proof  of  Theorem  1 of  Weis  ( 17  ] 
for  the  equation 

t 

x(t)  = f(t)  + / a(t  - s)g(s,  x(s))ds 
0 
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where  x,  f,  g have  values  in  Kn  and  a is  a nxn  matrix*  L*  (0,») 

loc 

has  "separated  structure"  in  the  sense  that  g(t,  x)  = col(g.(t,  x^)),  i = 1,  ...,n 
g^  is  locally  Lipschitz  with  respect  to  x.  uniformly  for  t bounded.  Weiss 
tion  which  corresponds  to  ( H^)  and  (H?)  which  insures  that  the  solutior  x(t)  > 
long  as  it  exists. 


and  where  g 
, where  each 
gives  a condi- 
0 for  as 
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4.  Examples. 

Example  1.  This  example  is  an  application  of  Theorem  5.  Consider  the  equation 
(4.1)  u(t,  x)  + a * (-V2u(t,  x)  + p(u(t,  x))  ? f(t,  x)  , 

0 < t < x « tl,  a bounded  open  set  in  Kn  with  smooth  boundary  r with  u satisfying 

Dirichlet  boundary  conditions  on  I~.  p is  a maximal  monotone  graph  on  1R  x 1R  with 

0 * p(0).  For  simplicity  we  assume  that  the  kernel  a is  completely  monotonic  on  [0,oc); 

thus  (see  Remark  1.  3)  assumptions  (H.,),  (H^),  (H^)  are  satisfied  on  ( 0,  TJ  for  every  T > 0. 

We  assume  f i wj’  2 (0,oc;X),  X = L2(T2).  To  see  that  equation  (4.1)  is  a particular  case 
loc 

of  (3.  2)  define 


(4.2)  Au  = -72u  + p ( u ) with  D(A)  = (u  < W2’ 2((?)  f)  W^’2(tt)  : p(u)  c L2(U)}  . 

As  is  known,  see  Brezis  [4],  A is  the  subdifferential  of  the  convex,  l.s.c.,  proper 
function  <e  : L2(T)  -►(-<»,+<»]  defined  by 

2 /(grad  u)2dx+/  j(u)dx  if  u t W^’ 2(fi),  j(u)  t L*(n) 


*>(u)  = 


+ 00 


n 


otherwise  , 


where  j is  the  unique,  convex,  l.s.c.,  proper  function  mapping  IR  into  (-»,+<»]  such 

that  j(0)  - 0 and  p = 3j.  Thus  A is  maximal  monotone  on  the  Hilbert  space 

and  hence  A is  m-accretive.  Thus  (4.1)  with  the  boundary  condition  u = 0 on  r is  a 

particular  case  of  (3.2).  Let  f « wj^(°t  °°:X);  in  particular,  f t C[0,oo;X)  and  f( 0) 

is  well  defined  as  an  element  of  L2(tl).  We  assume  that  f(0)  « W^'  2(n)  and 

/ j(f(0))dx  < oo.  These  assumptions  on  f imply  that  (H  J,  (H.)  are  satisfied.  It  is  now 
— 3 b 


easily  checked  that  all  the  assumptions  Londen  [ 13;  Theorem  1)  or  Barbu  [ 1,  Theorem  1) 

are  satisfied  and  therefore,  (4.1)  possesses  a unique  solution  u on  [ 0 , T ] for  every 

T > 0 in  the  sense  of  the  definition  given  following  equation  (3.2)  above.  Moreover, 

u=  lim  u in  L (0,  T;X)  (even  in  L2(0,T;X))  for  every  T > 0,  where  u is  the 
X-0  X X 
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unique  solution  of  the  approximating  equation  (3.4).  We  shall  apply  Theorem  S with 
P = L2(D).  It  is  well  known  that  the  operator  A defined  by  (4.2)  satisfies  condition  (3.1). 
Therefore,  if  we  require  that  condition  (H?)  is  satisfied  - this  will  be  the  case.  For  example, 
if  f(0)  i P and  f'(t)  t P a.e.  on  (0,oo)  (see  Remark  5.1),  then  the  solution  u(t)  of 
(4.1)  is  nonnegative  a.e.  on  (0,°o). 

Example  2 . This  example  is  an  application  of  Theorem  4 (iii).  Let  U be  a bounded  open 
set  in  lRn  with  smooth  boundary  r.  On  Q we  consider  the  linear  second  order 
differential  operator 


n 


£ ^(aii^r)+ £ i7(v)  + Cu 

i,  ) = 1 j i i=l  » 


where  a_,a.  ‘ c\j2),  C « L (Q), 


3a. 

C>0,  C +Z  77  a’e-' 

i 9Xi 


and  for  some  positive  constant  a 

n _ 

L a4a  >»kl  a.e.,  I « lRn  . 

1,1  = 1 11  1 1 

We  define  D(A)  = W2,2(tt)  D W^’ 2(ft).  It  is  known  (see  [ 5])  that  A satisfies  v H^)  with 
2 

X = L (Q) . Consider  the  equation 

(4.  3)  u(t)  + a * Au(t)  = uQ,  t « [ 0,  T ) , 

where  uQ  t L“  ( S2)  and  where  a satisfies  assumptions  (H^),  (H^),  (H^)  on  [0,T|. 
Equation  (4.  3)  has  a unique  weak  solution  u (see  Remark  2.  3);  moreover,  if  uQ  t D(A), 
then  the  solution  u is  strong.  Let  j be  a convex  1.  s.  c.  proper  function:  R-[0,«c) 
with  0 t 3j(0),  and  we  fix  j (0)  = 0.  Define  v : X -*  [0,«>]  by 

/ )(v)dx  if  )( v)  t l}(n) 


*(v)  = 


n 


+ 00 


otherwise  . 
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Then  by  [ b.  Lemma  2 ] we  have  (Axx,y)>0  for  every  (x,  y]«8«>  and  for  all  k > 0. 
Moreover,  by  [3;  Theorem  -4 . •!  J (1.21)  is  satisfied.  Consequently,  by  Theorem  4(iii),  if 
j(Ug)  « L*(n),  one  has 

/ l(u(t))(x)dx  < / j(u  )(x)dx,  t t ( 0,  T]  . 

n n 

In  particular,  if  j(u)  = lulP,  1 < p < °°,  one  obtains 

(4.4)  liu(t)  II  < Hull 

LP(U)  ° LP(n) 

if  u^  « LP(t2).  Note  that  the  case  p = <®  can  be  obtained  by  passing  to  the  limit.  Inequality 
(4.4)  can  be  obtained  directly  from  Theorem  1,  inequality  (1.6),  if  one  uses  the  known  that 
A satisfies  (H^)  with  X = LP(ti),  1 < p < 00  see  [ 5;  Theorem  8 and  remarks  preceding]. 
Example  3.  This  example  is  an  application  of  the  linear  theory  developed  in  Theorems  1-4 
to  a nonlinear  problem.  Let  U be  a bounded  open  set  in  ]Rn  with  smooth  boundary  r.  Let 
y : 1R  — 1R,  y(0)  = 0,  y continuous  and  nondecreasing.  Assume  that  the  nonlinear  elliptic 
equation 

(4.  5)  -V2u  = y(u)»  u | r = 0 

00 

has  a nontrivial,  positive  solution  u c L (T).  Let  a satisfy  (H  ),  (H  ),  (H  ),  for  every 

T > 0 and  conside  the  nonlinear  integral  equation 

C u(t)  + a * (-V2u  - y(u))(t)  = u (0  < t < «)  , 

(4-6)  { w ° 

1 u * L (O),  u = 0 on  r . 

Let  Au  = -V2u  with  D(A)  = {u  € W^’ 2(0)  D W2,2(f?)}.  Let  X = L2(n).  Then  A satisfies 

00 

(H|).  If  u is  a solution  of  (4.6)  in  the  sense  that  g = y(u)  1 L (0,<»;X)  and  u is  a weak 
solution  (in  the  sense  of  Remark  2.3)  of  the  equation 

u(t)  + a * Au(t)  = uQ  + a*g(t),  t « f 0,  T ] a.e.,  VT>0, 

then  by  Theorem  2 it  is  easily  shown  that  u satisfies  the  nonlinear  functional  equation 

(4.7)  u(t)  = F (u)(t)  (0  < t < «)  , 

0 
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where 


(4.8)  Fu  (u)(t)  = S(t)uQ  + R * v(u)(t)  . 

We  prove  the  following  result  about  solutions  of  (4.7),  (4.8). 

Theorem  6.  Let  (H  ),  (H  ),  (H  )be  satisfied  for  every  T > 0 . For  every  u < X satis  fymg 
c 4 5 u 

oc 

0 < uQ  < u^,  the  equation  (4.  7),  (4. 8)  has  a positive  maximal  solution  < L (0,  «-;X) 

00  00 

and  & positive  minimal  solution  < L (0,  such  that  i_f  u < L (0,  oc ;X)  i_s  any 

solution  of  (4.7).  (4.8),  then 

(4.9)  0 < u (t)  < u(t)  < u„.(t)  < u a.e.  on  (0 ,oc)  . 

m M oo 

00 

Remark  6.1.  If  ucL  (0,»;X)  is  a solution  of  (4. 7),  (4.8),  then  it  is  easily  checked  that 

0C 

u is  a solution  of  (4.6)  in  the  sense  defined  above.  Note  that  if  the  solution  u < L (0,«;X) 
satisfies  the  estimate  (4.9),  then  u « L°°(0, oo;L°°(J2)),  and  thus  \(u)  t L°°(0,°c;X),  as 
well  as  y(u)  c L*(0,T;X)  for  every  T > 0.  These  observations  are  needed  for  the  definition 
of  weak  solution. 

Remark  6,2.  Theorem  6 also  holds  if  the  requirement  \ nondecreasing  is  replaced  pu  + y(u) 
nondecreasing  for  some  p > 0.  To  see  this  replace  -V^u  by  -V^u  + pu  and  replace 
■y(u)  by  pu  + y(u)  in  (4.5),  (4.6)  and  apply  the  above  analysis. 

Remark  6.  3.  Comparing  equations  (4.1)  of  Example  1 and  (4.6)  and  taking  f(t)  e uQ  in  (4.1), 

Uq  « L^(fi)  we  note  that  if  (3  is  single  valued  and  continuous,  equations  (4.1)  and  (4.6) 
differ  only  by  the  sign  of  the  nonlinearity.  For  equation  (4.1)  one  has  existence  and  uniqueness 
of  solutions  on  (0,*>)  for  every  uQ  < L^(O).  By  contrast,  for  equation  (4.6)  it  is  known 
that  if  equation  (4.  5)  has  u = 0 as  the  only  nonnegative  solution,  then  equation  (4.6)  can 
have  a positive  solution  only  on  a finite  interval  (0,T).  For  example,  if  n = 3 and 
y(u)  = u5,  it  follows  from  [16,  Remark  3.27]  that  if  fi  is  star  shaped,  then  (4.5)  has  u - 0 
as  the  only  nonnegative  solution.  Taking  a(t)  * 1,  applying  [10,  Theorem  2.(  and  Remark  2.7], 
and  assuming  that  u^  > 0 and  that 
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where  is  the  smallest  eigenvalue  and  the  corresponding  unique  eigenfunction  ^ > 0 


~V  *n  = Vo  in 


= 0 


then  the  unique  nonnegative  solution  u of  (*1.6)  exists  only  on  a finite  interval. 

Proof  of  Theorem  6.  Let  E = L (0,«;X)  with  the  usual  ordering  (i.e.  u,v  c E, 
u<v<  = >u(t,x)<v(t,x)  a.e.  in  (t,  x)t(0,co)xrj,  where  u and  v are  elements  of 
the  equivalence  classes  u and  v respectively).  In  E let  I denote  the  interval  [ 0,  i 
in  the  sense  of  order  in  E.  It  can  be  shown  that  I is  a complete  lattice  with  respect  to 
this  ordering.  Tor  every  uQ  * I we  define  the  function  F by 

uo 

F (u)(t)  = S(t)u  + R * >(u)(t) 

0 

where 


'y(u)  if  h < llu 


00  . 00, 


Y(u) 


00  00 
L (O) 


L (t?) 
otherwise  , 


in  place  of  the  function  F defined  by  (4. 8).  Then  F satisfies 

0 U0 


(4.10) 


1 -1 


and 

(4.11) 


F is  monotone  (u,  v < I and  u < v =>  F (u)  < F (v))  . 
u0  u0  ~ u0 


Let  u c I.  Then,  by  Theorems  3 and  4,  Fu  (u)  >0.  Moreover,  by  the  fact  that 


Uoo  = Suoo  + R * V(uj,  we  have 


Fy  (u)  = Sup  + R * y(u)  < SUp  + R * Y(ugo)  = S(Uq  - u^)  + u ^ < u which  proves  (4 . 1C 


in  U 


Clearly,  (4. 11)  Is  evident  from  Theorem  3.  By  [ 2,  Theorem  11,  p.  115),  the  operator  Fu  has 

0 

a least  and  a greatest  fixed  point  in  I,  which  correspond  respectively  to  the  solutions  um 
and  u , . , since  u < u.  < u and  therefore,  y(u  ) = Y<u  ),  \(UM)  = y(um>.  and  so 

m M 00  m in  ivi  ivi 

F (u  ) = F (u  ),  F (u.J  = F (u,J.  This  completes  the  proof  of  Theorem  f. 

u0  m u0  m uo  M uo  M 
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Appendix  1 


(AJ) 


An  assumption  which  has  been  used  frequently  in  the  literature  concerning  the  kernel  a is 
a(t)  * C(0,  T),  aft)  > 0,  t c (o,  T),  and 


aft  + o)  nonincreasing  as  a function  of  t for  each 
o > 0,  0 < t + o < T , 


see  Friedman  [ . ],  Levin  [12],  Miller  [HJ.  We  shall  prove  that  condition  (A^)  is  equivalent 
to  the  condition 


a(‘)  * C(0,  T),  aft)  >0  t * (0,  T)  and  log  aft)  convex  on  (0,  T)  . 
Moreover,  we  first  prove  a preliminary  result. 

1-  i«t  assumption  (A^)  be  satisfied.  Then  for  every  v > 0,  there  exists  a function 
av  satisfying  ( A^)  and  a^  « C*!  0,  T),  gnd  a^ft)  f aft)  as  v i 0 + for  t i (0,  T). 

Proof.  Define  b : JR  — (-  co,  + oo  ] by 


r log  aft)  if  t t (0,  T) 

hfti  - < b(0)  = Hm+  Iog  a(t)>  b(T)  = lim  log  aft) 

1 ' j t-0  t-T" 

V.  +°°  if  t|[0,T]  . 

Observe  that  aft)  >0  on  (0,  T)  and  the  definition  of  convexity  of  log  aft)  on  (0,  T) 

excludes  a(0  ) = 0 and  a(T  ) = 0.  Thus  b is  convex,  l.s.c.  and  proper  on  1R.  Define 

b,  v > 0,  to  be  the  Yosida  approximation  of  b;  then,  see  [ 3;  Proposition  2.11], 

bv(t)  = min  {zf~  ly  - t|2  + bfy) >,  t < 1R  , 
y*  IR  v 

and  b « CI( ]R) , b'  satisfies  a Llpschi tz  condition  on  IR  with  constant  moreover 
+ b v 

bv( t)  t bft)  as  H 0 , t < R Define  a^  = e and  the  result  follows.  This  completes  the 

proof  of  Lemma  1.  Using  Lemma  1 we  shall  prove 

Lemma  2.  The  conditions  (A^)  and  (A^)  are  equivalent. 

Proof • That  (A^)  =>  (A^)  follows  from 


.alt) > aft  + T) 

aft  + a)  ~ aft  + t + a) 


(0  < t < t + cr,  t+T<t  + o+  r<T)i 
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using  a(t)  > 0 and  putting 


t we  obtain 


a(t)a(t  + 2t ) > a (t  + t) 


Thus  putting  t^  = t,  t2  = t + 2t  we  have 


log  a 


VL12 


< j log  a(t1>  + j log  a(t2)  . 


We  note  that  in  [ 12;  calculation  following  Theorem  1.3]  it  is  only  shown  that  (A^)  =>  av t) 
convex,  with  the  additional  assumption  that  a is  nonincreasing,  which  is  not  used.  Of 
course,  log  a(t)  convex  implies  a(t)  convex. 

To  prove  that  (A^)  =>  (A^),  it  is  sufficient  by  Lemma  1 to  prove  (A^)  =>  (A^)  with  the 
additional  assumption  a < C'[0,T].  Then  log  a ( t)  convex  implies 

a 1 ( t)  a'(t  + a) 


— \ (0  < t < t + a < T)  . 

a(t)  ~ a(t  + a) 


Using  a(t)  > 0 we  then  have 


A aft)  _ aft  + j)a'(t)  - a 1 ( t + p)a(t)  < 
dt  aft  + o)  - g2(t  + ff) 


which  completes  the  proof  of  Lemma  2. 

Proof  of  Proposition  1.  By  Lemma  2 it  is  sufficient  to  prove  Proposition  l(i)  under  assumptions 
(Aj)  and  (H^).  If,  in  addition,  a < C[0,T],  Proposition  1 ( i ) follows  directly  fn.  .1  [14, 
Theorem  1]  with  h = f = a and  g(x,  t)  = x. 

Let  a satisfy  assumptions  (A,)  and  (H  ).  Consider  the  functions  a of  Lemma  1. 

12  v 

Then  by  the  above  remark,  the  functions  r (t,  X)  >0,  t e [ 0,  T],  for  every  X > 0,  v > 0, 

where  r ( t, X ) is  the  resolvent  kernel  associated  with  Xa  ft).  The  functions  a converge 

v v v 

to  a in  L*(0,  T)  as  v 1 0+,  since  a^ft)  t aft)  as  v i 0+  and  a < L*(0,T).  Therefore, 

it  is  easily  checked  that  the  functions  r^(-,X)  converge  to  r(  * , X ) in  l\o,T),  where 

r(t,X)  is  the  resolvent  kernel  corresponding  to  Xa(t),  and  r(t,  X)>0  on  [ 0 , T]  a.e.  This 
completes  the  proof  of  part  (i). 
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Part  (li)  is  proved  in  [8;  Lemma  2.5)  with  h = \a  (see  also  [ 12;  Lemma  J.  3) 
f e 1),  where  the  proof  is  carried  out  on  (0,«);  this  can  be  applied  by  extending 
as  a constant  on  ( T,  <*>).  This  completes  the  proof  of  Proposition  1. 
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